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ABSTRACT
Large language models are often ranked according to their level of

alignment with human preferences—a model is better than other

models if its outputs are more frequently preferred by humans.

One of the most popular ways to elicit human preferences utilizes

pairwise comparisons between the outputs provided by different

models to the same inputs. However, since gathering pairwise com-

parisons by humans is costly and time-consuming, it has become a

very common practice to gather pairwise comparisons by a strong

large language model—a model strongly aligned with human pref-

erences. Surprisingly, practitioners cannot currently measure the

uncertainty that any mismatch between human and model prefer-

ences may introduce in the constructed rankings. In this work, we

develop a statistical framework to bridge this gap. Given a small

set of pairwise comparisons by humans and a large set of pairwise

comparisons by a model, our framework provides a rank-set—a set

of possible ranking positions—for each of the models under com-

parison. Moreover, it guarantees that, with a probability greater

than or equal to a user-specified value, the rank-sets cover the

true ranking consistent with (the distribution of) human pairwise

preferences. Our framework is computationally efficient, easy to

use, and does not make any assumption about the distribution of

human preferences nor about the degree of alignment between the

pairwise comparisons by the humans and the strong large language

model.

1 INTRODUCTION
During the last years, large language models (LLMs) have shown

a remarkable ability to generate and understand general-purpose

language [7]. As a result, there has been an increasing excitement

in their potential to help humans solve a variety of open-ended,

complex tasks across many application domains such as coding [32],

health [18] and scientific discovery [37], to name a few. However,

evaluating and comparing the performance of different LLMs has

become very challenging [8]. The main reasons is that, in contrast

to traditional machine learning models, LLMs can solve a large

number of different tasks and, in many of these tasks, there is not

a unique, structured solution. As a consequence, there has been a

paradigm shift towards evaluating their performance according to

their level of alignment with human preferences—a model is better
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than other models if its outputs are more frequently preferred by

humans [19, 28, 34, 45, 47].

One of the most popular paradigms to rank a set of LLMs ac-

cording to their level of alignment with human preferences utilizes

pairwise comparisons [6, 8, 23, 24, 28, 39, 41, 52]. Under this par-

adigm, each pairwise comparison comprises the outputs of two

different models picked uniformly at random to an input sampled

from a given distribution of inputs. Moreover, the pairwise com-

parisons are used to rank the models according to the (empirical)

probability that they are preferred over other models. While it is

widely agreed that, given a sufficiently large set of pairwise com-

parisons, higher (lower) ranking under this paradigm corresponds

to better (worse) human alignment, there have also been increasing

concerns that this paradigm is too costly and time-consuming to

be practical, especially given the pace at which models are updated

and new models are developed.

To lower the cost and increase the efficiency of ranking from pair-

wise comparisons, it has become a common practice to ask a strong

LLM—a model known to strongly align with human preferences—

to perform pairwise comparisons [10, 11, 14, 20, 35, 42, 44, 46, 52].

The rationale is that, if a model strongly aligns with human pre-

ferences, then, the distributions of pairwise comparisons by the

model and by the human should in principle match [10, 42, 43].

Worryingly, there are multiple lines of evidence showing that the

rankings constructed using pairwise comparisons made by a strong

LLM are sometimes different to those constructed using pairwise

comparisons by humans [6, 12, 13, 24, 39, 52], questioning the ra-

tionale above. In this work, we introduce a statistical framework

to measure the uncertainty in the rankings constructed using pair-

wise comparisons made by a model, which may be introduced by

a mismatch between human and model preferences or by the fact

that we use a finite number of pairwise comparisons.

Our contributions. Our framework measures uncertainty using

rank-sets—sets of possible ranking positions that each model can

take. If the rank-set of a model is large (small), it means that there

is high (low) uncertainty in the ranking position of the model. To

construct the rank-sets, our framework first leverages a small set of

pairwise comparisons by humans and a large set of pairwise com-

parisons by a strong LLM to create a confidence ellipsoid. By using

prediction-powered inference [2, 3, 53], this confidence ellipsoid is

guaranteed to contain the vector of (true) probabilities that each

model is preferred over others by humans with a user-specified

coverage probability 1 − 𝛼 . Then, it uses the distance between this
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ellipsoid and the hyperplanes under which pairs of models have

the same probability values of being preferred over others to ef-

ficiently construct the rank-sets. Importantly, we can show that,

with probability greater than or equal to 1−𝛼 , the constructed rank-
sets are guaranteed to cover the ranking consistent with the (true)

probability that each model is preferred over others by humans.

We will provide an open-source implementation of our statistical

framework as well as case studies in the accompanying GitHub

repository.
1

Further related work. Our work builds upon recent work on

prediction-powered inference, ranking under uncertainty, and ran-

king of LLMs.

Prediction-powered inference [2, 3, 53] is a recently introduced

statistical framework to obtain valid p-values and confidence in-

tervals about a population-level quantity such as the mean out-

come or a regression coefficient using a small labeled dataset and

a large unlabeled dataset, whose labels are imputed using a black-

box machine learning model. However, our work is the first to

use prediction-powered inference (as a subroutine) to construct

rank-sets with coverage guarantees. In this context, it is worth

acknowledging that a very recent work by Saad-Falcon et al. [38]

has used prediction-powered inference to construct a (single) rank-

ing, rather than rank-sets. However, the ranking constructed by

Saad-Falcon et al. does not enjoy coverage guarantees with respect

to the true ranking consistent with (the distribution of) the human

preferences.

The vast majority of the literature on ranking under uncertainty

has focused on confidence intervals for individual ranking posi-

tions [16, 17, 22, 30, 49–51]. Only recently, a paucity of work has

focused on joint measures of uncertainty for rankings [1, 21, 33, 36].

Similarly as in our work, this line of work also seeks to construct

rank-sets with coverage guarantees. However, in contrast to our

work, it estimates the quality metric (in our work, the probability

that an LLM is preferred over others) and the confidence intervals

separately for each of the items (in our work, LLMs) using inde-

pendent samples. As a consequence, it needs to perform multiple

comparison correction to create the rank-sets.

In addition to the related work on ranking of LLMs discussed

previously, it is worth highlighting that, in recent years, there has

been a flurry of work on ranking LLMs using benchmark datasets

with manually hand-crafted inputs and ground-truth outputs [4,

9, 19, 26, 29, 31, 40, 48]. However, it has become increasingly clear

that oftentimes rankings derived from benchmark datasets do not

correlate well with rankings derived from human preferences—

an improved ranking position in the former does not lead to an

improved ranking position in the latter [11, 23, 24, 52].

2 LLM RANKING UNDER UNCERTAINTY
LetM be a set of 𝑘 large language models (LLMs) and 𝑃 (𝑄) be
a distribution of inputs on a discrete set of inputs Q. Moreover,

assume that, for each input 𝑞 ∼ 𝑃 (𝑄),2 each model𝑚 ∈ M may

provide an output 𝑟 ∼ 𝑃𝑚 (𝑅 |𝑄 = 𝑞) from a discrete set of outputs

R. Further, given two outputs 𝑟, 𝑟 ′ ∈ R from two different models,

1
https://github.com/Networks-Learning/prediction-powered-ranking

2
We denote random variables with capital letters and realizations of random variables

with lower case letters.

the (binary) variable 𝑤 ∼ 𝑃 (𝑊 |𝑄 = 𝑞, 𝑅 = 𝑟, 𝑅′ = 𝑟 ′) indicates
whether a human prefers 𝑟 over 𝑟 ′ (𝑤 = 1) or viceversa (𝑤 = 0).

In what follows, we use𝑚(𝑟 ) and𝑚(𝑟 ′) to denote the models that

provide outputs 𝑟 and 𝑟 ′ respectively, and without loss of generality,
we assume that the output 𝑟 is shown first. Then, our goal is to rank

all models according to the (empirical) probability 𝜃𝑚 that their

outputs are preferred over the outputs of any other model picked

uniformly at random.

To this end, we start by writing the probability 𝜃𝑚 as an ex-

pectation over the distribution of inputs, outputs and pairwise

preferences:

𝜃𝑚 =
1

𝑘 − 1

∑︁
�̃�∈M\{𝑚}

E𝑄

[
1

2

E𝑅∼𝑃𝑚,𝑅′∼𝑃�̃�
[
E𝑊 [𝑊 |𝑄, 𝑅, 𝑅′]

]
+

1

2

E𝑅∼𝑃�̃�,𝑅′∼𝑃𝑚
[
1 − E𝑊 [𝑊 |𝑄, 𝑅, 𝑅′]

] ]
,

(1)

where note that the order of the pairs of outputs is picked at random.

Next, following previous work [1, 33], we formally characterize the

ranking position of each model𝑚 ∈ M in the ranking induced by

the probabilities 𝜃𝑚 using a rank-set [𝑙 (𝑚), 𝑢 (𝑚)], where

𝑙 (𝑚) = 1 +
∑︁

�̃�∈M\{𝑚}
1{𝜃𝑚 < 𝜃�̃�}

𝑢 (𝑚) = 𝑘 −
∑︁

�̃�∈M\{𝑚}
1{𝜃𝑚 > 𝜃�̃�},

(2)

are the lower and upper ranking position respectively and smaller

ranking position indicates better alignment with human prefer-

ences. Here, note that it often holds that 𝜃𝑚 ≠ 𝜃�̃� for all �̃� ∈ M \
{𝑚} and then the rank-set reduces to a singleton, i.e., 𝑙 (𝑚) = 𝑢 (𝑚).

In general, we cannot directly construct the rank-sets as defined

above because the probabilities 𝜃𝑚 are unknown. Consequently,

the typical strategy reduces to first gathering pairwise compar-

isons by humans to compute unbiased estimates
ˆ𝜃𝑚 of the above

probabilities using sample averages and then construct estimates

[ˆ𝑙 (𝑚), 𝑢 (𝑚)]] of the rank-sets using Eq. 2 with
ˆ𝜃𝑚 rather than

𝜃𝑚 . Under this strategy, if the amount of pairwise comparisons

we gather is sufficiently large, the estimates of the rank-sets will

closely match the true rank-sets. However, since gathering pair-

wise comparisons from humans is costly and time-consuming, it

has become a very common practice to gather pairwise compar-

isons �̂� by a strong LLM, rather than pairwise comparisons𝑤 by

humans [5, 14, 15, 20, 23–25, 27, 46, 52], and then utilize them to

compute unbiased estimates of the probabilities
˘𝜃𝑚 that the outputs

provided by each model is preferred over others by the strong LLM,

which can be written in terms of expectations as follows:

˘𝜃𝑚 =
1

𝑘 − 1

∑︁
�̃�∈M\{𝑚}

E𝑄

[
1

2

E𝑅∼𝑃𝑚,𝑅′∼𝑃�̃�
[
E
�̂�
[�̂� |𝑄, 𝑅, 𝑅′]

]
+

1

2

E𝑅∼𝑃�̃�,𝑅′∼𝑃𝑚
[
1 − E

�̂�
[�̂� |𝑄, 𝑅, 𝑅′]

] ]
,

(3)

In general, one can only draw valid conclusions about 𝜃 using

(an estimate of)
˘𝜃 if the distribution of the pairwise comparisons

by the strong LLM 𝑃 (�̂� |𝑄 = 𝑞, 𝑅 = 𝑟, 𝑅′ = 𝑟 ′) closely matches

https://github.com/Networks-Learning/prediction-powered-ranking
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Algorithm 1 It constructs C𝛼 using prediction-powered inference

Input: 𝑘 , D𝑁 , D𝑛 , 𝛼

Output: ˆ𝜽 , C𝛼

�̂�𝑁 ,𝑴𝑁 ,𝑴 ′
𝑁
← summarize(D𝑁 , 𝑘 )

𝒘𝑛, �̂�𝑛,𝑴𝑛,𝑴 ′𝑛 ←summarize(D𝑛, 𝑘 )

𝒂 ←
(
1𝑘

((
𝑴𝑁 +𝑴 ′𝑁

)
1𝑁

)⊤
⊙ I𝑘

)−1 (
𝑴𝑁 · �̂�𝑁 +𝑴 ′𝑁 (1𝑁 − �̂�𝑁 )

)
𝒃 ←

(
1𝑘

( (
𝑴𝑛 +𝑴 ′𝑛

)
1𝑛

)⊤ ⊙ I𝑘 )−1 (
𝑴𝑛 (�̂�𝑛 − 𝒘𝑛 ) +𝑴 ′𝑛 (𝒘𝑛 − �̂�𝑛 )

)
ˆ𝜽 ← 𝒂 − 𝒃
𝑨←

(
1𝑘 (�̂�𝑁 − 𝑴⊤

𝑁
𝒂)⊤

)
⊙ 𝑴𝑁 +

(
1𝑘 (1𝑁 − �̂�𝑁 − 𝑴 ′⊤

𝑁
𝒂)⊤

)
⊙ 𝑴 ′

𝑁

𝑩 ←
(
1𝑘 (�̂�𝑛 − 𝒘𝑛 − 𝑴⊤𝑛 𝒃 )⊤

)
⊙𝑴𝑛+

(
1𝑘 (𝒘𝑛 − �̂�𝑛 − 𝑴 ′⊤𝑛 𝒃 )⊤

)
⊙𝑴 ′𝑛

�̂�← 1

𝑁 2
𝑨𝑨⊤ + 1

𝑛2
𝑩𝑩⊤

C𝛼 ←
{
𝒙 ∈ R𝑘 |

(
𝒙 − ˆ𝜽

)⊤ (
�̂�

−1

𝜒2

𝑘,1−𝛼

) (
𝒙 − ˆ𝜽

)
≤ 1

}
return ˆ𝜽 , Σ̂, C𝛼

the distribution of pairwise comparisons by the humans 𝑃 (𝑊 |𝑄 =

𝑞, 𝑅 = 𝑟, 𝑅′ = 𝑟 ′) for any 𝑞 ∈ Q and 𝑟, 𝑟 ′ ∈ R. However, there are
multiple lines of evidence showing that there is a mismatch between

the distributions, questioning the validity of the conclusions drawn

by a myriad of papers. In what follows, we introduce a statistical

framework that, by complementing a (large) set of 𝑁 + 𝑛 pairwise

comparisons �̂� by a strong large language model with a small set of

𝑛 pairwise comparisons𝑤 by humans, is able to construct estimates

[ˆ𝑙 (𝑚), 𝑢 (𝑚)] of the rank-sets with provable coverage guarantees.

More formally, given a user-specified value 𝛼 ∈ (0, 1), the estimates

of the rank-sets satisfy that

lim

𝑛
P

( ⋂
𝑚∈M

[𝑙 (𝑚), 𝑢 (𝑚)] ⊆ [ˆ𝑙 (𝑚), 𝑢 (𝑚)]
)
≥ 1 − 𝛼. (4)

To this end, we will first use prediction-powered inference [2, 3]

to construct a confidence ellipsoid that, with probability 1 − 𝛼 , is
guaranteed to contain the (column) vector of (true) probabilities

𝜽 = (𝜃𝑚)𝑚∈M . Then, wewill use the distance between this ellipsoid

and the hyperplanes under which each pair of models𝑚,�̃� ∈ M
have the same probability values of being preferred over others to

efficiently construct the estimates [ˆ𝑙 (𝑚), 𝑢 (𝑚)] of the rank-sets.

3 CONSTRUCTING CONFIDENCE REGIONS
WITH PREDICTION-POWERED INFERENCE

Let the set D𝑁 = {(𝑞𝑖 , 𝑟𝑖 , 𝑟 ′𝑖 ,𝑚(𝑟𝑖 ),𝑚(𝑟
′
𝑖
), �̂�𝑖 )}𝑁𝑖=1

comprise pair-

wise comparisons by a strong LLM to 𝑁 inputs and the set D𝑛 =

{(𝑞𝑖 , 𝑟𝑖 , 𝑟 ′𝑖 ,𝑚(𝑟𝑖 ),𝑚(𝑟
′
𝑖
),𝑤𝑖 , �̂�𝑖 )}𝑛𝑖=1

comprise pairwise comparisons

by the same strong LLM and by humans to 𝑛 inputs, with 𝑛 ≪ 𝑁 .

In what follows, for each pairwise comparison, we will refer to the

models𝑚(𝑟 ) and𝑚(𝑟 ′) that provided the first and second output

using one-hot (column) vectors 𝒎 and 𝒎′, respectively. Moreover,

to summarize the pairwise comparisons
3
in D𝑁 and D𝑛 , we will

stack the one-hot vectors𝒎 and𝒎′ into four matrices,𝑴𝑁 and𝑴 ′
𝑁

for D𝑁 and 𝑴𝑛 and 𝑴 ′𝑛 for D𝑛 , where each column corresponds

to a one-hot vector, and the indicators𝑤 and �̂� into three (column)

vectors, �̂�𝑁 for D𝑁 and �̂�𝑛 and𝒘𝑛 for D𝑛 .

3
We assume that each model𝑚 ∈ M participates in at least one pairwise comparison

in both D𝑁 and D𝑛 .

Then, building upon the recent framework of prediction-powered

inference [2], we compute the an unbiased estimate
ˆ𝜽 of the vector

of (true) probabilities 𝜽 :

ˆ𝜽 =

(
1𝑘

( (
𝑴𝑁 +𝑴 ′𝑁

)
1𝑁

)⊤ ⊙ I𝑘 )−1 (
𝑴𝑁 · �̂�𝑁 +𝑴 ′𝑁 (1𝑁 − �̂�𝑁 )

)︸                                                                             ︷︷                                                                             ︸
𝒂

−
(
1𝑘

( (
𝑴𝑛 +𝑴 ′𝑛

)
1𝑛

)⊤ ⊙ I𝑘 )−1 (
𝑴𝑛 (�̂�𝑛 −𝒘𝑛) +𝑴 ′𝑛 (𝒘𝑛 − �̂�𝑛)

)︸                                                                               ︷︷                                                                               ︸
𝒃

,

(5)

where 1𝑑 denotes a 𝑑-dimensional column vector where each di-

mension has value 1 and I𝑘 denotes a 𝑘-dimensional identity matrix.

Here, note that the first term 𝒂 utilizes the pairwise comparisons

by the strong LLM fromD𝑁 to compute a unbiased estimate of the

vector of probabilities
˘𝜽 defined in Eq. 3 using sample averages, and

the second term 𝒃 utilizes the pairwise comparisons by the strong

LLM and by humans from D𝑛 to compute an unbiased estimate of

the difference of probabilities 𝜽 − ˘𝜽 defined in Eqs. 1 and 3, also

using sample averages.

Further, as shown in Angelopoulos et al. [3], the difference of

probabilities
ˆ𝜽 − 𝜽 converges in distribution to a 𝑘-dimensional

normal N𝑘 (0, 𝚺), where 𝚺 = E[( ˆ𝜽 − 𝜽 ) ( ˆ𝜽 − 𝜽 )𝑇 ], and thus the

confidence region

C𝛼 =

{
𝒙 ∈ R𝑘 |

(
𝒙 − ˆ𝜽

)⊤ (
�̂�

−1

𝜒2

𝑘,1−𝛼

) (
𝒙 − ˆ𝜽

)
≤ 1

}
, (6)

where �̂� is an empirical estimate of the covariance matrix Σ using

pairwise comparisons from D𝑁 and D𝑛 , i.e.,

�̂� =
1

𝑁 2
𝑨𝑨⊤ + 1

𝑛2
𝑩𝑩⊤, (7)

with

𝑨 =
(
1𝑘 (�̂�𝑁 −𝑴⊤𝑁 𝒂)⊤

)
⊙ 𝑴𝑁 +

(
1𝑘 (1𝑁 − �̂�𝑁 −𝑴 ′⊤𝑁 𝒂)⊤

)
⊙ 𝑴 ′𝑁 ,

𝑩 =
(
1𝑘 (�̂�𝑛 −𝒘𝑛 −𝑴⊤𝑛 𝒃)⊤

)
⊙ 𝑴𝑛 +

(
1𝑘 (𝒘𝑛 − �̂�𝑛 −𝑴 ′⊤𝑛 𝒃)⊤

)
⊙ 𝑴 ′𝑛,

and 𝜒2

𝑘,1−𝛼 is the 1−𝛼 quantile of the 𝜒2
distribution with 𝑘 degrees

of freedom, satisfies that

lim

𝑛
P(𝜽 ∈ C𝛼 ) = 1 − 𝛼 (8)

Algorithm 1 summarizes the overall procedure to compute
ˆ𝜽 , �̂� and

C𝛼 .

4 CONSTRUCTING RANK-SETS WITH
COVERAGE GUARANTEES

For each pair of models𝑚,�̃� ∈ M such that𝑚 ≠ �̃�, we first define

a hyperplane 𝐻𝑚,�̃� ⊆ R𝑘 as follows:

𝐻𝑚,�̃� = {𝒙 ∈ R𝑘 | 𝑥𝑚 = 𝑥�̃�}. (9)

Then, for each of these hyperplanes𝐻𝑚,�̃� , we calculate the distance

𝑑 (C𝛼 , 𝐻𝑚,�̃�) between 𝐻𝑚,�̃� and the confidence region C𝛼 defined
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Algorithm 2 It constructs [ˆ𝑙 (𝑚), 𝑢 (𝑚)] for all𝑚 ∈ M
Input:M, D𝑁 , D𝑛 , 𝛼

Output: { [ ˆ𝑙 (𝑚), �̂� (𝑚) ] }𝑚∈M
𝑘 ← |M|
ˆ𝜽 , �̂�, C𝛼 ← confidence-ellipsoid(𝑘,D𝑁 ,D𝑛, 𝛼 ) ⊲ Algorithm 1

for𝑚 ∈ M do
ˆ𝑙 (𝑚) ← 1

�̂� (𝑚) ← 𝑘

for �̃� ∈ M \ {𝑚} do
𝑑 ← | ˆ𝜃𝑚− ˆ𝜃�̃� |√

2

−
√︃

1

2
(Σ̂𝑚,𝑚 + Σ̂�̃�,�̃� − 2Σ̂𝑚,�̃� )𝜒2

𝑘,1−𝛼
if 𝑑 > 0 and ˆ𝜃𝑚 < ˆ𝜃�̃� then

ˆ𝑙 (𝑚) ← ˆ𝑙 (𝑚) + 1

else if 𝑑 > 0 and ˆ𝜃𝑚 > ˆ𝜃�̃� then
�̂� (𝑚) ← �̂� (𝑚) − 1

return { [ ˆ𝑙 (𝑚), �̂� (𝑚) ] }𝑚∈M

by Eq. 6, i.e.,

𝑑 (C𝛼 , 𝐻𝑚,�̃�) =
| ˆ𝜃𝑚 − ˆ𝜃�̃� | −

√︃
(Σ̂𝑚,𝑚 + Σ̂�̃�,�̃� − 2Σ̂𝑚,�̃�)𝜒2

𝑘,1−𝛼√
2

,

(10)

where �̂� is the empirical covariance matrix defined by Eq. 7.

Now, for each pair of models𝑚,𝑚′ ∈ M, we can readily conclude

that, if the distance 𝑑 (C𝛼 , 𝐻𝑚,�̃�) > 0, then, the confidence region

C𝛼 lies in the half-space of R𝑘 where 𝑥𝑚 > 𝑥�̃� if
ˆ𝜃𝑚 > ˆ𝜃�̃� and it

lies in the half space of R𝑘 where 𝑥𝑚 < 𝑥�̃� if
ˆ𝜃𝑚 < ˆ𝜃�̃� . Building

upon this observation, for each model𝑚 ∈ M, we construct the

following estimates [ˆ𝑙 (𝑚), 𝑢 (𝑚)] of the rank-sets [𝑙 (𝑚), 𝑢 (𝑚)]:

ˆ𝑙 (𝑚) = 1 +
∑︁

�̃�∈M\{𝑚}
1{𝑑 (C𝛼 , 𝐻𝑚,�̃�) > 0} · 1{ ˆ𝜃𝑚 < ˆ𝜃�̃�}

𝑢 (𝑚) = 𝑘 −
∑︁

�̃�∈M\{𝑚}
1{𝑑 (C𝛼 , 𝐻𝑚,�̃�) > 0} · 1{ ˆ𝜃𝑚 > ˆ𝜃�̃�}.

(11)

Importantly, using a similar proof technique as in Lemma 1 in the

recent paper by Neuhof and Benjamini [33], we can show that the

estimates [ˆ𝑙 (𝑚), 𝑢 (𝑚)] as defined above enjoy provable coverage

guarantees with respect to the rank-sets [𝑙 (𝑚), 𝑢 (𝑚)] induced by

the probabilities 𝜽 that the outputs of each model is preferred over

any other model by humans:

Theorem 4.1. The estimates [ˆ𝑙 (𝑚), 𝑢 (𝑚)] of the rank-set defined
by Eq. 11 satisfy that

lim

𝑛
P

( ⋂
𝑚∈M

[𝑙 (𝑚), 𝑢 (𝑚)] ⊆ [ˆ𝑙 (𝑚), 𝑢 (𝑚)]
)
≥ 1 − 𝛼. (12)

Proof. Note that Eq. 12 holds if and only if:

lim

𝑛
P

(
∃𝑚 ∈ M : [𝑙 (𝑚), 𝑢 (𝑚)] ⊈ [ˆ𝑙 (𝑚), 𝑢 (𝑚)]

)
≤ 𝛼 (13)

Therefore, to prove the theorem, it is sufficient to prove that Eq. 13

holds. Now, to prove that Eq. 13, we first show that the probability

on the left hand side of the above equation is smaller than or equal

to the probability P(𝜽 ∉ C𝛼 ).

To this end, first note that, if for at least one model𝑚 ∈ M, we

have that
ˆ𝑙 (𝑚) > 𝑙 (𝑚) or 𝑢 (𝑚) < 𝑢 (𝑚), then it holds that⋂

𝑚∈M
[𝑙 (𝑚), 𝑢 (𝑚)] ⊈ [ˆ𝑙 (𝑚), 𝑢 (𝑚)] .

Next, without loss of generality, assume that, for model𝑚, we have

that
ˆ𝑙 (𝑚) > 𝑙 (𝑚). In this case, from Eqs. 11 and 2 we get:∑︁

�̃�∈M\{𝑚}
1{𝑑 (C𝛼 , 𝐻𝑚,�̃�) > 0} · 1{ ˆ𝜃𝑚 < ˆ𝜃�̃�} >∑︁

�̃�∈M\{𝑚}
1{𝜃𝑚 < 𝜃�̃�},

which means that there must be at least one model �̃� ∈ M such

that 𝑥𝑚 < 𝑥�̃� ∀𝒙 ∈ C𝛼 and 𝜃𝑚 > 𝜃�̃� , which implies that 𝜽 ∉ C𝛼 .
As a result, we can immediately conclude that,

lim

𝑛
P

(
∃𝑚 ∈ M : [𝑙 (𝑚), 𝑢 (𝑚)] ⊈ [ˆ𝑙 (𝑚), 𝑢 (𝑚)]

)
≤ lim

𝑛
P(𝜽 ∉ C𝛼 )

= 𝛼.

This concludes the proof. □

Algorithm 2 summarizes the overall procedure to construct the

rank-sets [ˆ𝑙 (𝑚), 𝑢 (𝑚)] for all𝑚 ∈ M.

5 CONCLUSIONS
In this work, we have introduced a statistical framework to con-

struct a ranking of a collection of large language models consistent

with their level of alignment with human preferences using a small

set of pairwise comparisons by humans and a large set of pairwise

comparisons by a strong large language model. Our framework

quantifies uncertainty in the ranking by providing a rank-set—a set

of possible ranking positions—for each of the models under compar-

ison. Moreover, it guarantees that, with a probability greater than or

equal to a user-specific value, the rank-sets cover the ranking con-

sistent with the (true) probability that each model is preferred over

others by humans. Our work opens up many interesting avenues

for future work. For example, it would be important to validate our

framework using real pairwise comparison data from humans and

strong large language models. Moreover, it would be interesting to

derive PAC-style, finite-sample coverage guarantees. Further, in our

work, we have assumed that the pairwise comparisons by humans

and by the strong LLM comprise the same distribution of inputs.

However, in practice, the distribution of inputs may be different

and thus it would be important to extend our framework to allow

for distribution shifts. Finally, it would be worthwhile to explore

other measures of uncertainty for rankings beyond rank-sets.
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